Hyperbolic systems often have relaxation terms that give them a partially conservative form and that lead to a long-time behavior governed by reduced systems that are parabolic in nature. In this article it is shown by asymptotic analysis and numerical examples that semidiscrete high resolution methods for hyperbolic conservation laws fail to capture this asymptotic behavior unless the small relaxation rate is resolved by a ne spatial grid. We introduce a modi cation of higher order Godunov methods that possesses the correct asymptotic behavior, allowing the use of coarse grids (large cell Peclet numbers). The idea is to build into the numerical scheme the asymptotic balances that lead to this behavior. Numerical experiments on 2 2 systems verify our analysis. 
Introduction
Hyperbolic systems of partial di erential equations that arise in applications ofter have relaxation terms that give the system a partially conservative form and lead to a long-time behavior governed by a reduced system that is parabolic in nature. Such systems are found in relaxing gas theory 8, 46] , multiphase ow 15] and turbulence modeling 13, 30] , where the relaxation terms describe thermal coupling, phase coupling or turbulent kinematics respectively. They also arise in kinetic theory 2, 5, 33, 34] where the relaxation terms model the interaction of particles.
One of the simplest such systems is the p-system with damping: @ t h + @ x w = 0 ; @ t w + @ x p(h) = ? 1 w :
(1.1)
Here the parameter > 0 is the relaxation time for the system, which is hyperbolic provided p 0 (h) > 0. The system can be viewed as the isentropic Euler equations in Lagrangian form with a drag term in the momentum equation. It was studied by Hsiao and Liu 22] who showed that its solutions exhibit a long-time behavior governed by @ t h ? @ xx p(h) = 0 ; w = ? @ x p(h) : (1. 2) The rst equation above is sometimes referred to as the porous media equation, in which context the second plays the role of Darcy's law.
A somewhat more general system with relaxation that we will use to illustrate the subsequent theory is @ t h + @ x w = 0 ; @ t w + @ x p(h) = ? 1 ? w ? f(h) ; (1.3) where > 0 is again the relaxation time. We shall assume p 0 (h) > 0, whereby the system (1. (1.5) This stability condition is a general feature of such approximations. It can be understood from several points of view. First, from a phenomenological viewpoint, this ordering of the velocities is consistent with causality when = 0 in (1.4a). Second, for > 0 this condition re ects the requirement that the di usion coe cient in (1.4a) be nonnegative. Finally and most fundamentally, a spatially homogeneous equilibrium of the system (1.3) in the form (h; w) = ( h; f( h)) for any constant h is stable if and only if h = h satis es (1.5) (see 48] ). Indeed, if (1.5) is not satis ed then a simple linear analysis shows that some perturbations can grow at rates on the order of 1= .
The relation between solutions of system (1.3) and those of equation (1.4) was studied in 6, 7, 36] . A critical nondimensional parameter is the ratio of the distance a typical sound wave travels (at speed c = p p 0 (h)) over the relaxation time to a typical gradient length L: = c L : (1.6) When 1, the relaxation term is called sti . In this regime the solutions of the original system (1.3) can be studied by a formal asymptotic expansion in which is analogous to the Chapman-Enskog expansion of kinetic theory 7] . It is found that their behavior is governed by the parabolic approximation (1.4), whereby measures the validity of the parabolic approximation.
This formal relationship was justi ed in 7] . There system (1.3) was considered for a xed p(h) as , and thereby de ned by (1.6), becomes smaller. It was rigorously proved that if (h ; w ) is a family of solutions of (1.3) with xed initial data then as tends to zero the functions h converge to h, the viscosity solution of @ t h + @ x f(h) = 0 ; (1.7) with the same initial data. A weakly nonlinear limit was also established to solutions of a Burgers equation derived from (1.4a). More speci cally, given any constant h such that f 0 ( h) 6 = 0, a family of solutions (h ; w ) of (1.3) was considered in the form h (x; t) = h + h ( t; x ? f 0 ( h)t) ; w (x; t) = f( h) + w ( t; x ? f 0 ( h)t) ; (1.8) with the initial data for (h ;w ) independent of . Then, as tends to zero, the functionsh =h (s; y) were shown to converge toh =h(s; y), the solution of the Burgers equation @ sh + f 00 ( h)h@ yh = ? p 0 ( h) ? f 0 ( h) 2 @ yyh ; (1.9) with the same initial data. The relationship between this rigorous limit and the claimed long-time behavior of solutions of (1.3) is seen from the fact that (1.9) is the formal long-time/weakly-nonlinear approximation of (1.4a) that is consistent with the scalings in (1.8) . Analogs of these results were established in 7] for the general class of 2 2 systems that we will treat in Section 4.
In general an N N hyperbolic system of conservation laws with relaxation terms has the form @ t u + @ x F(u) = q(u) : (1.10) We assume that the relaxation term q(u) determines uniquely the stable local equilibria u = E(v) for n (n < N) independent conserved quantities v. Consider all eigenvalues of @ u q. We de ne , the relaxation time, as the reciprocal of the largest eigenvalue in absolute value when evaluated at the local equilibria u = E(v). The eigenvalue corresponding to a local equilibrium is nonnegative when when evaluated at a local equilibrium. Let c be the absolute value of the largest characteristic speed of the system, or the largest characteristic speed evaluated at the local equilibria (our numerical experiments show little di erence between these two choices). One can then de ne the nondimensional relaxation parameter as in (1.6). This system becomes sti if 1. In such a regime the behavior of the locally conserved quantity v is asymptotically governed by a system of convection-di usion equations, analogous to (1.4a). There have been many theoretical investigations of such systems in this regime (e.g., 6, 7, 34, 35] ). In particular, the general framework of the parabolic approximation for N N systems in any spatial dimension was laid down in 7] .
In this article we are concerned with the numerical methods for hyperbolic systems with sti relaxation terms. We will only study semidiscrete numerical schemes, leaving the time variable continuous. This is not because we advocate a \method of lines" approach to these problems; we do not. But rather because that what we present will be more of a procedure than a prescription, and this simpler setting allows us to expose the basic ideas more clearly. Of course, as one lets the time step approach zero in a fully discrete scheme it becomes semidiscrete; the results presented below apply to the limiting scheme. In this way our analysis will provide constraints for every numerical scheme.
We will consider a uniform spatial grid with nodes x j+ 1 2 and a cell width x = 2 ) x = q j ; (1.12) where the cell-average source is de ned by q j = 1 x Z x j+ 1 2
Now let U denote a numerical approximation to the cell-averaged values of u; we suppose that U satis es a spatial discretization of (1.10) in the conservative form
A discretization is then speci ed by relating the nodal ux values F j+ 1 2 and the cellaverage source Q j to the cell-averaged values U j in accordance with (1.12) and (1.13). The central issue in numerical simulation of a sti relaxation system is how well the discretization resolves the small relaxation scale. The spatial resolution of a given solution of a scheme is measured by the smallness of the nondimensional parameter = x L : (1.14)
We will show that, in order to study the long-time accuracy of a scheme like (1.13), it is natural to introduce a second nondimensional parameter, namely, the cell Peclet number (or cell Reynolds number). The cell Peclet number Pe measures the spatial resolution of the relaxation scale and is de ned as Pe = x c : (1.15) A grid will be called coarse (relative to the relaxation scale) when Pe 1, ne if Pe 1, and intermediate otherwise.
The development of numerical schemes to solve hyperbolic systems with source terms has been an active area of research in the past two decades (e.g., 14, 35, 38, 39, 40, 41, 45] ), most of which have considered the importance of the steady state balance in devising numerical schemes. To our knowledge there has been no work that uses the asymptotic that lead from the original system to the reduced parabolic system either as a guide in deriving a numerical method, or as a tool in analyzing the behavior of these numerical methods. Of course, such an approach is restricted to systems that possess such or similar asymptotic regimes. Other early literature studied sti source problems in reactive ows where an incorrect numerical shock speed was found when the reaction time scale was not resolved numerically 1, 9, 11, 12, 18, 32] . These works focused on source terms that take on a more complicated form than those considered in this article (for example, exhibiting multiple equilibria, or the characteristic speeds of the original system and the local equilibrium system do not interlace), and the resulting long-time behavior can be quite di erent. Also related to our work is those of Harabetian's 19, 20] , in which the dissipative e ects of numerical schemes for viscous hyperbolic systems have been studied without speci cally addressing the issue of sti relaxation.
In the absence of lower order relaxation terms, these systems are just systems of conservation laws and one could employ a higher order Godunov 44, 10, 31, 21] type scheme to evaluate the uxes. These schemes properly capture the discontinuous features of the solutions. However, when the relaxation becomes sti , it is computationally impractical to spatially, as well as temporally, resolve the small relaxation scale. Therefore, it is desirous to insure that the scheme properly captures the parabolic behavior even when Pe 1. An example of such numerical schemes arise in linear transport theory where the density of particles undergoing collisions with a background medium will solve the di usion equation in the limit of vanishing mean free path 28, 29] . In this case much progress has been made in developing schemes that incorporate boundary layers and material interfaces 17, 25, 26] . However little attention has been given to this problem for the case of genuinely nonlinear systems; in such cases the di culties of properly capturing the development and evolution of discontinuities complicates the picture.
Our rst objective in this article is to show through asymptotic analysis and numerical experiments that, in the presence of sti relaxation terms, most shock capturing schemes fail to capture the proper parabolic behavior when Pe 1. Indeed, by considering only semidiscrete schemes we will show that this di culty is one of spatial as well as temporal resolution.
Our second objective in this article is to develop semidiscrete numerical schemes for such systems that are modern high order shock capturing schemes, yet that will handle correctly the di culties involving lower order relaxation terms. A good discretization meeting this criterion would allow the use of a coarse grid to resolve spatial features and ultimately allow the implementation of an implicit temporal scheme to enable one to economically compute to the longer time scales of interest. We show that such spatial discretizations can be realized by properly modifying their numerical uxes. The main idea we utilize is to simply build the proper asymptotic balances into the spatial di erence scheme. We began such an investigation in 23]. In particular, in spirit close to the idea of modeling the ow as piecewise steady 14, 40, 45] , a semidiscrete numerical scheme will be said to have the correct parabolic behavior if the asymptotics that leads from the hyperbolic system to the parabolic approximation in continuous space is mimiced in discrete space. That is to say, as Pe ! 1, the numerical scheme will behave asymptotically as a good discretization of the parabolic system.
In Section 2 we analyze the linear telegraph equations to show that higher order Godunov schemes are usually too dissipative to capture the correct parabolic behavior when Pe 1. More speci cally, we show that in this regime, these schemes introduce numerical dissipation that overwhelms the physical dissipation. We compare such a behavior to the behavior of those schemes that do take into account the sti source term in the approximation. These include the piecewise steady approximation and a modi ed upwind scheme, and we will show that they capture the proper parabolic behavior even when Pe 1.
In Section 3 we examine the general 2 2 p-system (1.3) where the long-term behavior is governed by a convection-di usion equation. Here the presence of convection in the long-time approximation complicates the picture, and upwind schemes may become excessively di usive when Pe 1. We will introduce a new numerical ux based on higher order Godunov methods that achieves two goals. First, it eliminates the excessive numerical dissipation that arises in these schemes when Pe 1. Second, solutions of the resulting scheme posses a long-time behavior that is governed by Godunov schemes of the same order for the correct parabolic equation (1.4) when Pe 1. In regimes where the long-time hyperbolic behavior is important, such schemes capture the nearly discontinuous phenomena associated with the corresponding nonlinear convection term. In regimes where the parabolic behavior becomes signi cant, these schemes also capture the dissipative nature. Numerical experiments show that these schemes achieve good results on coarse grids.
In Section 4 we show how the same ideas can be applied when treating more general 2 2 systems. These schemes are then illustrated with numerical experiments using the idealized river equations. Finally, in Section 5 we make some concluding remarks where, among other things, we address the relevance of this work to temporally discrete schemes. While our analysis and numerical experiments will be performed on 2 2 systems, it is straightforward to extend our results to N N systems of the form (1.10). 
Dissipation
The quantities w h move with velocities 1 respectively and locally relax toward their average value. They would be the Riemann invariants of system (2.1) in the absence of the relaxation term ( = 1). A Fourier analysis of the upwind scheme (2.8) shows that only long wavelength modes will survive to be governed by (2.9). Hence, the whole story of the long-time behavior will be told by the modi ed equation corresponding to (2.9), which is @ t h ? @ xx h = 2 @ xx h :
In order to have the correct long-time behavior, it is essential that equation (2.10) be an accurate approximation of the rst equation in (2.2). This will be the case only if Pe = = 1, i.e., the grid is ne. However, if either Pe 1 or Pe 1 then the numerical dissipation rate of order will either be comparable or dominate the physical dissipation of order . In either case, the numerical solution will dissipate faster than the physical one, dissipating even faster as the grid coarsens. Thus, for intermediate or coarse grids the upwind scheme will not give the correct parabolic behavior for this problem.
2.3. The van Leer Scheme. In order to derive a higher order numerical scheme, For nonlinear scalar equations one generalizes (2.14) by setting U j+ 1 2 equal to the value along x = x j+ 1 2 of the solution of the Riemann problem with left and right data given by U j (x j+ 1 2 ) and U j+1 (x j+ 1 2 ) respectively. This method extends to systems by the local eld-by-eld characteristic decomposition.
For the telegraph equations (2.1) the above procedure is applied to each component of the diagonalized system (2.5) to obtain (W + H) j+ This shows a numerical dissipation that is third order in , in sharp contrast to the upwind case (2.10), which has a rst order numerical dissipation. The van Leer scheme will have the correct parabolic behavior when j j 2 3 , where is the wave number. However, when j j 2 3 the numerical dissipation will dominate the physical dissipation of order . Hence, the van Leer scheme does not give the correct parabolic behavior in this regime. (2.23) This shows the third order accuracy of this PPM scheme for the telegraph equations (2.1) while holding xed, which is, not unexpectedly, one order better than for the van Leer scheme. This shows that the PPM is less dispersive than the vL. However, the dissipation is of the same order as that of vL, although with a slightly smaller coe cient.
The Piecewise Parabolic Method (PPM
The behavior of this scheme for small while holding xed is as follows. Upon assuming only long wavelengths survive, the ux-limiting can be neglected and equation (2.22b the numerical dissipation will dominate the physical dissipation of order . Hence, the PPM scheme also does not give the correct long-time behavior in this regime. 2.6. A Modi ed Upwind Scheme. In this subsection we show that upwind schemes can be modi ed in another way so as to capture the proper parabolic behavior. The idea is again to build into the numerical schemes the asymptotics that leads from the hyperbolic system to the parabolic equation, similar to the piecewise steady approximation but in an implicit way. Here we implement our idea by modifying the basic upwind scheme, and leave the modi cation of higher order Godunov schemes to the next two sections where more general nonlinear 2 2 systems are treated.
Note that the asymptotic balance that leads from the hyperbolic telegraph equations (2.1) to the heat equation in (2.2) is @ x h = ? 1 w : (2.30) If is small and w is at least order then the gradient of h may not be neglected. However, the upwind scheme (2.6) ignored this variation in h, approximating it as a constant throughout each cell. A rst cut at incorporating this variation into the scheme may be made by approximating H j and H j+1 by a Taylor expansion about the node x = x j+ 1 2 , which, using (2. This is an approximation to the equilibrium heat equation (2.2) with an accuracy of O( 2 ). Thus the modi ed upwind scheme has the correct parabolic behavior with a coarse grid. One may expect that coarse grids independent of can be used to capture the parabolic behavior described by (2.2).
In 
Numerical Results. In all the numerical examples presented in this article
we have always chosen t so that it is small enough that our analysis will not be a ected by the error introduced by the time discretization. We will only present the numerical results for H. The behavior of W is similar under the resolved time discretization. Fully-discrete numerical schemes are studied in a forthcoming paper 24].
Here we test the above ve schemes for the linear telegraph equations (2.1), with c = 1, over the periodic interval 0 x 2 with initial condition h(0; x) = 2 + sin( x) and w(0; x) = ?0:1. We take = 0:01. Figure 1 shows the results of the \exact" solution and the numerical solutions computed with the ve schemes (for short, we use UW for the upwind scheme, vL for the van Leer scheme, PPM for the PPM method, PS for the piecewise steady approximation, and MUW for the modi ed upwind scheme) discussed earlier. The \exact" solution is computed by PPM on a ne grid with = 0:001, corresponding to Pe = 0:1. The coarse grids use = 0:1 (Pe = 10). We also take = = 0:01 (Pe = 1) to compute the problem in the intermediate regime. We output the solutions at t = 2.
In the intermediate regime vL and PPM work ne, in agreement with the fact that their numerical dissipations are of order 3 , much smaller than the physical dissipation of order . Thus we only plot the \exact" solution, the solutions of UW, PS and MUW in Figure 1a . It can be seen that UW decays at an unphysical rate. This agrees with our earlier analysis in which it is shown that the upwind scheme has a numerical dissipation of order , which is in the same order as the physical dissipation rate in the intermediate regime. The MUW and PS give accurate numerical solutions in this regime, as predicted by our analysis. In Figure 1b , we plot the numerical solutions for all ve schemes discussed earlier in the coarse regimes. All except the MUW and PS give bad results, showing the domination of the numerical dissipation on these coarse grids. One can also see that UW gives a much worse result than vL and PPM, PPM gives slightly better result than vL, and MUW is slightly better than PS. These numerical results all agree with our results using the asymptotic analysis and the modi ed equation analysis.
Convection with Di usion: A Model
In general, solutions of hyperbolic systems with sti relaxation terms exhibit long-time behavior governed by a convection-di usion system, not just a di usion system such as was studied in the last section. As an illustrative model we consider the 2 2 p-system with relaxation (1.3):
@ t h + @ x w = 0 ; (3.1a) @ t w + @ x p(h) = ? 1 ? w ? f(h) :
Provided that the stability condition (1.5) is satis ed, the long-time behavior of its solution is governed by (1.4):
When system (3.1) is compared with the telegraph equations (2.1) of the last section one sees that, in addition to the obvious new feature of nonlinearity, there is the appearance of a convective term in the parabolic equation (3.2a). Indeed, this term gives the leading order dynamics of solutions of the system (3.1) once the local equilibrium w = f(h) is approximately established after a time scale of . The hyperbolic nature of the convective term in (3.2a) gives rise to solutions that may contain large gradients (viscous shocks). It is clear that any numerical scheme for (3.1) that hopes to compute into such regimes must give a good discretization of this term. The di usive term in (3.2a) becomes important over time scales that are O(1= ) compared to those associated with the convective term. The numerical scheme for (3.1) must therefore become a good discretization of that term too if one hopes to compute solutions of (3.1) accurately for very long times.
3.1. Discrete Long-Time Behavior: A Linear Model. In section 2 we have analyzed the long-time, parabolic behavior of several numerical schemes. When similar analysis is performed for the discretization of (3.1), it is also necessary to understand how the discretization approximates the convection term @ x f(h) when passing to the parabolic description. This will rst be illustrated for the linear model @ t h + @ x w = 0 ; @ t w + c 2 @ x h = ? 1 (w ? bh) ; Of course, our observations will naturally apply to the fully nonlinear model (3.1).
When the upwind scheme (2.7) is applied to (3.3) and analyzed as Pe ! 1 as we did in the last section, the long-time behavior of its solutions is found to be governed by This is a second order approximation to the parabolic equation (3.4) . This long-time numerical approximation, like the upwind scheme, is more dissipative than the second order upwind (van Leer) scheme applied directly to (3.4 are de ned by higher order Godunov schemes using the solution of the Riemann problem of the p-system @ t h + @ x w = 0 ; @ t w + @ x p(h) = 0 : (3.11) Left unmodi ed, as Pe ! 1, the solutions of this scheme will behave like those of a central-di erence scheme for (3.2a) just as described through the linear model. Rather, we wish to modify the edge values so that the solutions behave like those of the di erencing scheme (3.8 (3.13) and H (2) j+ 1 2 is de ned by the same higher order Godunov schemes based on the solution of the Riemann problem of (3.9). The weight function a j+ 1 2 = a(Pe) introduced in (3.12) lies between 0 and 1, and will be chosen to depend on the local Peclet number Pe = x=c , where c = c j+ 1 2 is the local maximal characteristic speed of (3. are de ned by the van Leer ux, and MPPM if they are de ned by the PPM ux. The weight factor a(Pe) should be such that when the Pe is small (for ne grid), it recovers the higher order Godunov scheme (3.10); when Pe is large (coarse grid) it leads to scheme (3.8). So at a minimum, it is natural to require In so doing, the uxes de ned in (3.15) yields correct asymptotic properties for both ne and coarse grids. Because there are many choices of a that satisfy these conditions, a good choice will be one such that in the intermediate regime when Pe 1 the asymptotic behavior of scheme (3.15) approximates system (3.2) as accurately as possible. In order to nd an appropriate form for a we apply ux (3.15) to solve the linear system (3.3).
For example, applying the MvL to the linear system (3.3), one can obtain the following long-time behavior when Pe = after ignoring the dispersive errors and other higher order terms. (The MPPM gives a similar modi ed equation modulo a di erent dispersion error and some constant coe cients). Here we have ignored higher order terms, as well as the third order, dispersive terms since our goal is to eliminate the unphysical numerical dissipation instead of numerical dispersion error. We want to choose a so that the numerical dissipation (the second and third terms in the right side of (3.17)) becomes much smaller than the physical dissipation (c 2 ? b 2 )@ xx h. Because the last term in (3.17) is in the order of ( x) 2 , which has a higher order than the physical dissipation term appeared in the rst term of the right side of (3.17), the best one can do is to match the order of second term on the right of (3.17) with the last term. So we set ac( x) 3 (3.20) With this choice of a the numerical dissipation becomes of order c 2 ( x) 2 uniformly in x and so the physical dissipation always dominates. Also it can be observed from (3.15) and (3.20) that, as one increases Pe, the scheme (3.15) becomes a better approximation to di erence scheme (3.8) for (3.2a). So for the weakly nonlinear regime one just needs cells ne enough to maintain the accuracy of (3.8) without worrying about .
We should point out that the linear interpolation (3.12) might not be the optimal choice. It is still an open question to determine the best way to incorporate the two numerical uxes 39]. However, we believe that the linear interpolation is a reasonable choice. First, it is a convex combination of the two uxes. If both uxes are totalvariation-diminishing (TVD) or essentially non-oscillatory (ENO) then such a convex combination possesses the TVD or ENO property and no new oscillations should be generated by this interpolation. Secondly, although one might suspect that the scheme may reduce to a lower order method in the intermediate regime when Pe 1, based on the results in 17] for the linear numerical transport schemes in di usive regimes, we conjecture that such a modi cation still maintains a uniform convergence (with respect to Pe) to the solution of the relaxation system (3.1). Thirdly, since the function a rapidly makes the transition from its coarse gird behavior (3.18) to its ne grid value of 1, such an interpolation is of high order accuracy for most values of Pe. The drawback of this interpolation is that in the intermediate regime it may not be an upwind scheme with respect to the local equilibrium equation (3.2a The initial conditions for this problem are h(0; x) = 2 + sin( x) ; w(0; x) = ?0:01 ; (3.23) and the boundary condition is periodic. Here = 0:01. The nonlinear convection and the di usion terms in (3.22a) are of the same order so that the spatial derivatives of the smooth solution should be of order one. In this problem the maximal characteristic speed c = sup p 2=h 3 ranges from 0:2722 to 0:5. We choose x = 0:1, thus Pe ranges from 20 to 36:7423. The results at t = 10 are depicted in Figure 2 , with the \exact" solution obtained by PPM with x = 0:001. Both van Leer scheme and PPM dissipate so fast that they do not capture the correct physical dissipation at all. The MvL and MPPM, however, give an much more accurate dissipation rate in this coarse regime. For smooth solutions, MvL and MPPM give second and third order accuracy to the parabolic equation (3.22a). Also PPM (or MPPM) performs slightly better than vL (or MvL) because it is one order higher in accuracy. This example shows that the modi ed schemes are good in reducing the numerical dissipation in the weakly nonlinear limit with large Pe numbers.
We next test a problem in its strongly nonlinear regime so that the leading convection term dominates, with a thin viscous layer. We would like to see how the modi ed schemes perform in the intermediate regime where Pe 1. We consider the p-system (3.1) The re ecting boundary conditions are applied. The exact solution to this problem is a shock layer moving to the right with a speed of 0:6. If Pe 1, then all schemes give sharp, underresolved shock pro les without numerical oscillations. The transition across the shock take two to three spatial grid points, which captures only the leading behavior without resolving the viscous layer. In Figure 3, are de ned by some higher order Godunov scheme based on the Riemann problem of the hyperbolic conservation law @ t h + @ x f 1 (h; w) = 0 ; @ t w + @ x f 2 (h; w) = 0 : (4.10) In order to recover the correct long-time behavior, we modify the scheme (4.9) like we did to get the modi ed upwind scheme for the p-system. Speci (4.17b) provided the slope and drag satisfy r > s, which is just the stability condition (4.6).
Finally we test the schemes for a problem in its strongly nonlinear regime with a thin viscous shock layer. Using this problem we test the performance of the modi ed schemes in the intermediate regimes. We choose r = 400, s = 100 and g = 1. The initial condition is chosen to be h(0; x) = 1 for 0 < x < 0:5 ; 0:2 for 0:5 < x < 1 ; w(0; x) = 0 : (4.22) We apply re ecting boundary conditions. In this problem there is a thin viscous shock layer moving to the right. If Pe 1 then all schemes give underresolved, nonoscillatory shock pro le within two to three spatial cells. The physical viscous layer cannot be resolved in the coarse regime. To see the behavior of these schemes in the intermediate regime, we use 200 points on 0; 1]. Then Pe ranges between 0:5 and 2:5.
The results at t = 0:25 are depicted in Figure 5 . The \exact" solution was obtained with PPM for x = 10 ?3 . It can be seen that all four schemes give comparable results which correctly resolve the physical viscous layer. Thus the modi ed schemes also give satisfactory results (comparable to the unmodi ed ones) in the intermediate regimes.
Conclusions
We have introduced a modi cation of Godunov schemes that gives the correct long-time behavior for hyperbolic systems with sti relaxation terms. These methods are based on the asymptotic analysis of the long-time behavior of the solution that shows a balance between the relaxation terms and spatial derivative terms. Although we carry out our analysis and numerical experiments on simple 2 2 systems here, the spirit of the analysis extends to more complicated systems such as those mentioned in the beginning of the introduction. In particular, these ideas may be helpful in numerically understanding kinetic equations close to their macroscopic limit described by either the Euler or Navier-Stokes equations 2, 3, 4, 33] .
We have only examined semidiscrete schemes in this article; the time steps in our numerical experiments being small enough so no new errors were introduced to a ect our asymptotic analysis. However, in most applications one would not want to be limited to resolving such small time steps. The question about the possibility of using a coarse temporal discretization (a time step not limited by ) naturally arises. Similar asymptotic analysis to that used here can be applied to study such fully-discrete numerical schemes and is the subject of a forthcoming paper 24]. 
